We survey the correct definition of a generalized Dirac operator on a Space-Time and the classical result about propagation of singularities. This says that light travels along light-like geodesics. Finally we show this is also true for generalized Dirac operators.
Introduction
The celebrated theorem of Nils Denker about the propagation of singularities of a real principal type system when applied to the Dirac operator on a Lorentzian manifolds says the well-known fact that light travels along light-light geodesics with the light speed. In this paper first we give an appropiate definition of a generalized Dirac operator on a Lorentzian manifold then we show that the same result is true for generalized Dirac operator. This means that the Denker (partial) connection on the polarization set (along Hamiltonian orbits) of the system is the starting connection lifted to the cotangent bundle. We thank Bernd Ammann for giving us the correct definition of the generalized Dirac operator.
The generalized Dirac operators on Lorentzian manifolds
We start with a definition [3] Let (X, g) be a Lorentzian manifold. With Cl(X) denote the bundle over X whose fiber over p is the Clifford algebra of T p X i.e the quotient of the complexified tensor algebra of T p X by the bilateral ideal generated by the elements of the form v ⊗ w + w ⊗ v + 2g(v, w). The Lorentzian metric and the connection extend to Cl(X) to give a metric connection which is Leibnitz with respect to the Clifford multiplication.
bundle S over X with a sesquilinear product (antilinear in the second) ·, · with connection ∇ S together with a smooth section Q of hom(⊙ k T X, End(S)) satysfiying the following properties
C1
The fibers S p are left modules over the Clifford algebras Cl(T p X) i.e. there's a vector bundle homomorphism
C4 Clifford multiplication by tangent vectors is symmetric Z · ϕ, ψ = ϕ, Z · ψ .
C5
The section Q is parallel with respect to the connection on hom(⊙ k T X, End(S)) induced by the Levi-Civita connection ∇ g and ∇ S .
C6 Q(·, ..., ·) is simmetric w.r.t. ·, · .
C7
If N is a future directed timelike vector then, putting Q N := Q(N, ..., N ):
C8 If N is a future directed timelike vector then the quadratic form ·, · N defined by
From C8 it follows that Q N is invertible. From the first one ofC7 it follows that its spectrum is symmetric w.r.t the origin, which together with with C8 implies that the bilinear form ·, · has index (1/2 rank(S), 1/2 rank(S)).
From C7 follows that
With such a structure one can Define the generalized Dirac operator D :
where we used the musical isomorphism ♯. In a local orthonormal frame e 0 , ..., e n with ε j = g(e j , e j ) one can check the formula
It is a first order differential operator whose principal symbol is Clifford multiplication
This can be seen immediately from the formula D(f ϕ) = i grad f · ϕ + f Dϕ. In this sense one says that the Dirac operator is the quantization of the Clifford action.
In this section M is a manifold without boundary. We are going to explain the theorem about propagation of singularities for systems of real principal type of Denker [1] and apply to the generalized Dirac operator on a Lorentzian manifold. We shall use only classical pseudodifferential operators. Now a scalar pseudodifferential operator on X is said of real principal type if its principal symbol σ is real and the Hamiltonian vector field H σ is non vanishing and does not have the radial direction on the zero set of σ. There is a corresponding notion for systems. An order m, N ×N system A of pseudodifferential operators with principal symbol σ m (A) is said of real principal type at η ∈ T * M if there exists on a neighborhood U of η an N × N symbolσ and a scalar symbol of real principal type q such that
If this property holds for every η in T * M we say A is real principal type. Clearly the existence ofσ is only locally granted and U can be assumed conical. For a real principal type system there's an elegant result of Denker about the propagation of singularities [1, 5] . First one defines the C ∞ -based polarization set of a vector valued distribution. It is a family of vector spaces in C N (or a vector bundle S) over the singular support of the distribution conical in the ξ-variable and serves as an indicator of the direction of the strongest singularity. Here the definition: Let u ∈ D ′ (M, C N ) a vector valued distribution i.e. a vector of distributions u i ∈ D ′ (M ). It's wave front set is by definition the union of all the wave front sets of its components
In particular it does not contain any information about the components of distributions that are singular. In order to specify the singular directions in the vector space C N , one could consider vector-valued operators that map the vector valued distribution to a smooth scalar function, instead of just looking at scalar operators mapping the individual components to smooth functions. This approach leads to the definition of the polarization set.
Here, for an operator mapping the vector valued distribution to a smooth function, with (principal) symbol a(x, ξ) define
We stress that the intersection is taken over all 1 × N systems A ∈ L 0 (M ) N of classycal ΨDOs. Two important properties proved by Dencker [1] Let
In this way the polarization set is a refinement of the wave front set. Let A be an N × N system of pseudo-differential operators on M with principal symbol a(x, ξ) and
where a acts on the fibre: a(x, ξ; w) = (x, ξ; a(x, ξ)w). If E is an N × N system of pseudo-differential operators on M and its principal symbol e(y, η) = 0, then
over a conic neighbourhood of (y, η). From this last property we see that the polarization set behaves covariantly under a change of coordinates. Thus the polarization set can be defined for distributional sections D ′ (M, E) of a vector bundle E giving a well defined subset
of the vector bundle lifted over the cotangent bundle. So return to the setting before and assume we are given an N × N system A of pseudodifferential operators acting on C N of principal type and (1) valid in U . Define the set
locally Ω A = q −1 (0). Furthermore one can show that A is real principal type around η if and only if around η the set Ω A is a hypersurface with non radial Hamiltonian field, the dimension of ker σ m (A) is constant in Ω A and for every normal vector ρ ∈ N (Ω A ) if
is the quotient mapping then the map
is an isomorphism. Now let u ∈ C −∞ (X, C N ) a distribution such that Au ∈ C ∞ . Let denote N A| ξ ⊂ C N the kernel of σ m (A) at ξ. Now if (ξ, w) ∈ N A , by definition it follows necessarily that the (vector valued) distribution wave front set is contained in Ω A .
One can show as in the scalar Duistermaat Hörmander result [2] the wave front set is union of null bicharacteristics of q in Ω A . Well here q is not unique but it can be shown to be unique modulo the multiplication by a never vanishing function on T * M . This does not affect the bicharacteristics since the wave front is conical in the ξ-variable. We shall call them bicharacteristics again. It remains to study the polarization vectors over these bicharacteristics. The idea of Denker is to introduce a partial connection and show that they follow the parallel transport along these null bicharacteristics and these vector fields form completely the polarization set. The Denker connection depends also from the subprincipal symbol ([2] Sect 5.2) of the operator 1 The principal symbol of A has an asymptotic homogeneous expansion
The subprincipal symbol is defined as
form the "poisson bracket" of matrices (this is not anti symmetric !)
let H q denote the Hamiltonian vector field of q defined by dq(Y ) = ω(H q , Y ) for every Y ∈ T M , then for a smooth section w of the trivial bundle (T
One can show that ∇ A resctricts to N A i.e. if w is a vector field along a bicharacteristic γ in Ω A then ∇ Ȧ γ w ∈ ker σ m (A)(γ(t)) = N A|γ(t) iff w(γ(t)) ∈ ker σ m (A).
This means that the equation ∇ A w = 0 can be solved in N A which is a necessary condition to be in WF pol (u). • L is spanned by a C ∞ section w such that ∇ A w = 0.
Finally we can state the theorem about the propagation of the polarization set.
Theorem 3.4 -(Denker [1] ) Suppose η ∈ Ω A is a point where A is real principal type. If u is a vector valued distribution such that η / ∈ WF(Au) (vector valued wave front) then over a neighborhood of η in Ω A , WF pol is a union of Hamiltonian orbits of A. If Au ∈ C ∞ we are saying that that the non trivial part of the polarization set of u is parallel in N A along the flow of Ω A .
